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Moving NRQCD for B Form Factors at High Recoil
Kerryann M. Foleya, G. Peter Lepagea
aLaboratory for Elementary-Particle Physics, Cornell University, Ithaca, NY 14853
We derive the continuum and lattice tree-level moving NRQCD (mNRQCD) through order 1/m2. mNRQCD
is a generalization of NRQCD for dealing with hadrons with nonzero velocity uµ. The quark’s total momentum
is written as Pµ =Muµ + kµ where kµ ≪ Muµ is discretized and Muµ is treated exactly. Radiative corrections
to couplings on the lattice are discussed. mNRQCD is particularly useful for calculating B → pi and B → D form
factors since errors are similar at low and high recoil.
1. INTRODUCTION
Decays of heavy quarks are essential for deter-
mining the CKM elements. Because of the mass
difference between the initial and final states,
these decays can lead to large recoil momenta.
Current lattice simulations require that the in-
verse lattice spacing, a−1, be greater then the
largest momenta to keep errors reasonable. For
the important case B → πlνl, needed for Vub, the
high recoil limit gives ppi → 2.5 GeV. This implies
a−1 ≫ 2.5 GeV, which is much more then current
simulations can handle.
A solution to this problem has two parts. First,
we use a moving B meson and so share the mo-
mentum between the B and the π. This allows us
to find a frame in which all light quark momenta
are the same order and errors are minimized. Sec-
ond, defining the momentum of the heavy quark
as
Pµb =Mbu
µ + kµ, (1)
where uµ is the 4-velocity of the B meson, means
that kµ ∼ ( Λ
M
)
Muµ ≪Muµ. We then discretize
kµ while treatingMbu
µ exactly. This removes the
large, uninteresting part of the b’s momentum and
allows larger lattice spacings to be used. This pro-
cedure is analogous to NRQCD where the heavy,
stationary quark has momentum Pµ = M + kµ
and kµ is discretized.
2. DECAY KINEMATICS
The B meson momentum, PB =
(
P,M2B/P
)
,
can be split between the b quark and the specta-
tor quark in its wavefunction:
PSfrag replacements
B
u
Pb = (1− x)PB − p⊥,b
Pu = xPB + p⊥
where the choice of P describes the choice of
frame.
The light quark has transverse momentum
p⊥ ∼ Λ ∼ 500 MeV with ∆p⊥ ∼ Λ, and its mo-
mentum fraction is peaked at x ∼ Λ
Mb
with range
∆x ∼ Λ
Mb
. Consequently,
k ∼ Pu ∼ Λu (2)
which implies that discretization errors associated
with the heavy quark match those of the light
quark. Note also that uB · k ∼ Λ even as uµB,
kµ →∞.
Our goal is to find a frame, for the simulation,
where the discretization errors are the same for all
quarks. To see how the choice of frame affects our
calculation we give three examples for B → πlν
in the high-recoil limit. In the B’s rest frame,
P =MB, and
Ppi ∼ MB
2
, k ∼ Pu ∼ Λ ⇒ Ppi ≫ Pu. (3)
With this choice discretization errors associated
2with the pion are far larger than other discretiza-
tion errors. In the π rest frame, P = mpi, and
Ppi ∼ Λ k ∼ Pu ∼ ΛMB
2Mpi
⇒ Ppi ≪ Pu; (4)
the B’s discretization errors dominate. The best
frame is the “spectator-π Breit” frame, P =√
ΛMB, where
Ppi ∼
√
ΛMB
2
k ∼ Pu ∼
√
ΛMB
2
(5)
⇒ Ppi ∼ Pu ∼ k ∼ 800MeV
In this frame the errors are distributed evenly be-
tween both hadrons, and an inverse lattice spac-
ing a−1 ∼ 2 GeV is adequate. This is a savings of√
Λ
MB
∼ 1
3
compared to the B rest frame making
simulations 1000 times faster.
3. mNRQCD DERIVATION
To derive the tree-level effective Lagrangian for
a moving b quark we use the FWT method to
transform the QCD Lagrangian order by order in
1/m into non-interacting quark and anti-quark
pieces. Working through order 1/m2, this gives
the well known HQET result
L = Q
(
iu ·D − D
2
⊥
2m
− g
4m
Fµνσ
µν
− g
8m2
uα [Dν⊥Fαν ]
+
ig
8m2
uασµν {Dµ, Fαν}+O
(
Λ3
m3
))
Q (6)
and the original wave function ψ can be written
in terms of Q.
To implement this formalism efficiently on a
Euclidean lattice, we must convert it to an initial
value problem (in time). To do this we first re-
duce the above equations to a 2-component form
and then remove higher order time derivatives us-
ing a field redefinition.
To recast the Lagrangian into 2-component
form we write Q as a rotation of a spinor with
two zero components:
Q = Λ
(
χ
0
)
=
1√
2 (1 + γ)
(
1 + γ γ (~σ · ~v)
γ (~σ · ~v) 1 + γ
)(
χ
0
)
(7)
Higher order time derivatives are removed using
a field redefinition AFR,
χ→ AFRχ χ† → χ†AFR (8)
The resulting mNRQCD to order (Λ/m)2 is:
L = χ†
(
iDt + i~v · ~D (9)
+
1
2mγ
(
~D2 −
(
~v · ~D
)2
+ σ · ~B′
)
+
1
8m2
[
~D · ~E
]
− ~v
2
16m2
~v ·
[
~D × ~B
]
+
i
4m2γ2
({
~v · ~D, ~D2
}
− 2
(
~v · ~D
)3)
−
(
2− ~v2)
16m2
[
~v · ~D, v · ~E
]
+
i
8m2γ
σ ·
(
~D × ~E′ − ~E′ × ~D
)
+
i
8m2 (γ + 1)
σ ·
{
~v · ~D,~v × ~E′
}
+
i
4m2
{
~v · ~D, σ · ~B′
}
+O
(
1
m3
))
χ
where uµ = (γ, γ~v) and ~E′ and ~B′ are the electric
and magnetic fields in the b quark’s rest frame:
~E′ = γ
(
~E + ~v × ~B − γ
γ + 1
~v
(
~v · ~E
))
, (10)
~B′ = γ
(
~B − ~v × ~E − γ
γ + 1
~v
(
~v · ~B
))
. (11)
mNRQCD reduces to NRQCD when ~v → 0.
Lower order versions of this formalism are con-
sidered in [1,2,3].
Currents and other operators involving the b
3quark can be designed using the b quark field:
ψ (x) ≡ e
−imu·x√
2γ (1 + γ)
(12)
×
(
1 +
i 6D⊥
2m
+
1
8m2
(
2u ·D 6D⊥− 6D2⊥
))
×AFR Λ
(
χ
0
)
+O
( χ
m3
)
Note that our asymmetric treatment of time
and space means that our Lagrangian relies upon
an expansion in ~u = γ~v rather then Λ/m as in
HQET. Since |~u| → ∞ as ~v → 1 this could be
problematic. Our choice of frame for B → πlν,
however, means that γ~v in never larger then 0.35
and the truncation errors are no larger then the
1/m3 terms neglected in (6).
4. Lattice mNRQCD
We reformulate the mNRQCD Lagrangian
of (9) on the lattice using the usual forms for
lattice derivatives and fields as in [4]. To achieve
high precision, we must include perturbative cor-
rections to our tree-level coefficients. Renormal-
izations through order α2s are needed for the lead-
ing order ~v · ~D:
χ†
(
Dt − i~v · ~D
)
χ
→ χ†
(
Dt − iξ~v · ~D − iξ3 a
2
6
viD
3
i
)
χ (13)
where ξ = 1 + ξ1αs + ξ2α
2
s
For D mesons, where Λ
M
∼ 1
3
, we need to in-
clude terms of order 1
m2
through tree-level and
1
m
through order αs. This requires 5 additional
renomalizations
χ†
(
~D2 −
(
~v · ~D
)2
+ γσ · ~B′ + c3γσ · ~B
)
χ
→ χ†
(
c1 ~D
2 − c2
(
~v · ~D
)2)
χ (14)
+χ†
(
−c4γσ · ~v × ~E + c5 γ
2
γ + 1
σ · ~v
(
~v · ~B
))
χ
where ci = 1 + ci,1αs. For B mesons, where
Λ
M
∼ 1
10
, we need 1
m
only through tree-level. The
calculation of the necessary perturbative coeffi-
cients is currently in progress.
5. Conclusion
The method shown here is easily extensible to
other processes with large recoil including B →
Dlν which is used to find Vcb, D → πlν used for
Vcd and B → K∗γ Using mNRQCD, errors are
comparable at at both low and high recoil. We
can vary the momentum transfer continuously by
varying the B meson velocity, uB.
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